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Abstract. As an interesting application of the Einstein-Gauss-Bonnet theory and our work on 
the Gauss-Bonnet-Chern mass [17] . we obtain a positive mass theorem for asymptotically flat 
graphs in R n+1 under a condition that R + aL2 is non-negative, where R is the scalar curvature, 
a £ R a constant and L2 the second Gauss-Bonnet curvature. A Penrose type inequality is also 
obtained in the case a > 0. 



1. Introduction 

Let us consider the Einstein-Gauss-Bonnet theory, which recently attracts much attention of 
physicists. In this theory one considers the following action 

(1.1) R + A + aL 2 (g) 

on n-dimensional manifolds with n > 4. Here, R is the scalar curvature, A the cosmological 
constant, a£la constant and £2(5) the second Gauss-Bonnet curvature, which is defined by 

L 2 (g) = \Riem\ 2 - A\Ric\ 2 + R 2 , 

where Riem is the Riemann curvature tensor and Ric the Ricci tensor of g respectively. In 
contrast, if one considers only the term L 2 , it is called the pure Gauss-Bonnet, or the pure 
Lovelock gravity in physics. There are a lot of work on this Einstein-Gauss-Bonnet gravity, 
which was initiated by the work of Boulware, Deser, Wheeler [UJ, [35]. A mass for (|1.1|) was 
introduced by Deser- Tekin [Hj and [E] . See also [UJ , [27] , [8] and [9] for pure Lovelock gravity 
and references therein. Especially, there are also Schwarzschild type solutions, see below. 

A complete manifold (M n ,g) is said to be an asymptotically flat (AF) of order r (with one 
end) if there is a compact K such that Ai \ K is diffeomorphic to W 1 \ B r (0) for some r > and 
in the standard coordinates in R n , the metric g has the following expansion 

with 

|cry| + r\da ij \ +r 2 \d 2 aij\ = 0(r~ T ), 
where r and d denote the Euclidean distance and the standard derivative operator on W 1 respec- 
tively. If we further assume that r > and the scalar curvature R is integrable in (A4 n ,g), 
the ADM mass, introduced by by Arnowitt, Deser, and Misner [Tj, is defined by 

(1-2) mi{g) := rriADM ■= 77 hni / (3^ - g U j )vjdS, 

2(n - l)u%_i r->ooJ Sr 
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where io n _\ is the volume of (n — l)-dimensional standard unit sphere and S r is the Euclidean 
coordinate sphere, dS is the area element on S r induced by the Euclidean metric, v is the 
outward unit normal to S r in W 1 and the derivative is the ordinary partial derivative. Following 
this idea, a mass for the Einstein-Gauss-Bonnet can be defined by 

(1.3) m E GB = 2 ( re _i)^ \ j s ^ 9ijJ ~ 9jj ^ + 2aPVkl 9jkA u i dS ^ 

where the tensor P is the divergence- free part of the Riemann curvature tensor Riem, which 
was used in our paper (see Definition 1.1 of |17j). See the work of Deser-Tekin p3] and |15j . 

As the ADM mass, we can follow the idea of Bartnik [2j to show that this mass is well-defined 
and is a geometric invariant, if R + aLi is integrable and if the decay order r satisfies 

(1.4) r>^. 

Motivated by the recent work of Lam [2T] and also by our work [17], we can show a positive 
mass theorem and a Penrose inequality for this mass under the condition 

(1.5) R + aL 2 >0, 

if the asymptotically flat manifold is a graph in M n+1 for any n > 4. See Theorem 12.41 and 
Thereom 12.61 below. 

Now we have a simple, but interesting observation. The well-definedness of tugbe requires 
that the decay order should satisfy (jl.4f) . However, this decay order makes the second term in 
the definition of the mass vanishing. Therefore, under this decay order, we have 

mEGB = m A DM- 

Hence, we in fact obtain a positive mass theorem and a Penrose inequality for the AMD mass 
under a different condition (|1.5p . 

The positive mass theorem, any asymptotically flat Riemannian manifold M n with a suitable 
decay order and with nonnegative scalar curvature R > has the nonnegative ADM mass, i.e., 
m ADM > 0, plays an important role in differential geometry. This theorem was proved by Schoen 
and Yau [31] for manifolds of dimension n < 7 by using a minimal hyper surf ace argument and 
by Witten [36] for any spin manifolds. For locally conformally flat manifolds the proof was given 
in [32] using the developing map. See also [24] and |22j . Very recently, the PMT was proved for 
all asymptotically flat Riemannian manifolds A4 n which are represented by a graph in M n+1 by 
Lam [21]. For general higher dimensional manifolds, the proof of the positive mass theorem was 
announced by Lohkamp [23] by an argument extending the minimal hypersurface argument of 
Schoen and Yau and by Schoen in [30]. A refinement of the PMT is the Riemannian Penrose 
inequality (PI) 

If S \~ 

mADM > 7. 

2 \U n -lJ 

for asymptotically flat Riemannian manifolds with area-minimizing horizons E and with non- 
negative R > 0. The Penrose inequality is proved by Huisken-Ilmanen |20] and Bray [1] for 
n = 3 and by Bray and Lee [3] for n < 7. See also the work of Lam for asymptotically flat 
graphs in M n and its generalizations [12J and |19) . For the Riemannian Penrose inequality see 
the excellent surveys of Bray [5] and Mars [25] . 
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The similar idea presented here works for the ADM mass for asymptotically hyperbolic man- 
ifolds, which was studied by Wang [34], Chrusciel-Herzlich [10] and Zhang [37] . 



2. Positive mass theorem and Penrose inequality 

Let 

L 2 = \^%j 4 R ilh hhR j3j %u = R^R^ - m^R^ + R 2 . 

L*2 is called the Gauss-Bonnet term in physics or the Lovelock tensor. For more details and 
the general Gauss-Bonnet curvature Lj- (k < n/2), see for example [17]- Our results can be 
generalized to L k , precisely, to Y^=i a j^j- The Gauss-Bonnet curvature has the following 
decomposition 

L2 = RijkiP 1 ^ 1 , 

where 

(2.1) PV kl = RV kl + W k g il - R> l g ik - R ik gi l + R il gi k + ^R(g ik g jl - g il g jk ). 

The tensor P is in fact the divergence-free part of the Riamann curvature tensor, namely P 
satisfies 

(2.2) V t P ijkl = 0, 

and shares the same symmetry and antisymmetry with the Riemann curvature tensor Riem. 
See HQ or [I?]. 

Definition 2.1 (Einstein-Gauss-Bonnet Mass). Let n > 4. Suppose (A4 n ,g) is an asymptotically 
flat manifold of decay order 

n-2 
T> — 

and R + 0CL2 is integrable in (A4 n ,g). We define the Einstein-Gauss-Bonnet mass-energy by 

(2.3) m EG B = 777 tt lim / {{g^j - g jjti ) + 2aP ijk > l g jki i}uidS, 

2(n - l)w n -i r ->°° J s r 

where v is the outward unit normal to S r , dS is the area element of S r and the tensor P is 
defined as in h2.1\) . 



See also [H], [IS]. 

Theorem 2.2. Suppose that (A4 n ,g) (n > 4) is an asymptotically flat manifold of decay order 
t > and R + aL2 is integrable in (M n ,g). Then the Gauss-Bonnet-Einstein mass mcBE 
is well-defined and does not depend the choice of the asymptotic coordinates used in Definition 
[O 



Proof. Let 

(2.4) Px ijlm = ~(g il g jm -g im g jl ). 

It is easy to see that 

(2.5) m EGB = - L Hm f {( 2 jf« + 2aP i " kl )g jk> i}u i dS, 

2(n - l)u n -l Js r 
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It is clear that 2P[ 3kl + 2aP^ kl has the same symmetry as the Riemann curvature tensor and 
satisfies (|2.2[) . With the crucial property (|2,2p one can show the welldefinedness of tuegb and 
its geometric invariance by using the work of Bartnik [2j. Here we skip the proof. See also |17j . 

□ 

With a general setting given by Michel [26] , one can also provide a proof. For this setting see 
also JO] and HE]. 

We can not yet show the positive mass theorem for the mass tugbc f° r general asymptotically 
flat manifolds. However, we can prove it for a special, but interesting class, which was first 
considered by Lam in [21]. Following his definition, we define 

Definition 2.3. Let f : R n — > R be a smooth function and let fi, fij and fijt denote the first, 
the second and the third derivative of f. f is called asymptotically flat of order r if 

f t (x) = o(\ x r/ 2 ), 

\x\\f ij (x)\ + \x\ 2 \f ljk (x)\ = 0(\x\-^ 2 ), 

at infinity for some r > (n — 2)/2. 

Now we can state our positive mass theorem for graphs over R n . 

Theorem 2.4 (Positve Mass Theorem). Let {M. n ,g) = (R n , 5+df <S>df) be the graph of a smooth 
asymptotically flat function f : R n — > R. Then we have 

(2.6) niADM = m EG B = ^ 7\ / \ R + aL z) u \^ ^ dV 9' 

2(n - l)u n -x J M n V J s/l + Wsf? 

where a > is a constant. Particularly, 

(2.7) R + aL 2 >0 
yields 

niADM > 0. 

Proof. Observe first that the decay condition r > implies 



lim / P ijkl g jkl VidS = km 0(r- 2r - 4+n ) = 0, 

•— >00 Jn T— >00 



r— >oo j g 

since > Therefore, under the decay order, we have 

mADM = m E GB- 

The rest of the proof follows straightly from Theorem 5 in [21] and Theorem 1.4 in [17J. For 
the convenience of the reader, we sketch the main steps. First is the key observation in Lam's 
paper that the scalar curvature R has a divergence form for graphical hypersurfaces. Precisely, 
the scalar curvature R of the graph (R n ,<7 = 8 + df (g> df) satisfies (see Section 7 in [IT] or see 
Lemma 10 in [21] ) 

(2.8) ~R = d i (Pi jH d l9jk ), 
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where Pi is defined in (|2,4p . In [T7], we have generalized (|2.8p and derived a divergence form 
for the general k-th Gauss-Bonnet curvature. In particular, we have (see Lemma 4.3 in |17j ) 

(2.9) Qi^digjk) = \l 2 . 

Then by using the equivalent form (|2.5|) of the EGB mass and applying the divergence theorem 
in (R n ,5) together with flZEJ, ([23]), we derive 

m EGB = l - lim I {(2Pi jkl +2aP i i kl )g jkil }u i dS 

2{n - l)u n -i r ^°°Js r 

[ d i ((2Pi jkl + 2aPV kl )g jKl )dV s 



2(n 


- l)Wn- 


-1 




1 




2(n 


- l)Wn- 


-1 




1 




2(n 


- l)Wn- 


-1 




1 




2(n 


- l)w n - 


-1 



The last equality holds due to the fact 

dV g = y^dVs = s/l + | Vf\ 2 dV S . 

Remark 2.5. It is easy to construct metrics satisfying \2. 7|) with negative R somewhere. 



□ 



More interesting is that we also have a Penrose type inequality under condition (|2.7p . at least 
for the graphs. 

Theorem 2.6. Let £1 be a bounded open set in R n and £ = d£l. If f : W 1 \ f2 — > R is a smooth 
asymptotically flat function such that each connected component of f(E) is in a level set of f 
and |V/(x)| — >■ oo as x — >• £ . Lei -ff and P3 denote the mean curvature and 3-th mean curvature 
of £ induced by Euclidean metric respectively. Then 

rriADM = 777 \\ / [R + aL-A = =dV g 

2(n - l)w n _i y M n V / |V 5 /| 2 

(2.10) +- \- / (h + 2a-3H 3 )dS. 

2(n - l)w n _i y s V / 

// we assume further that £ is convex and a > 0, we have 

rn-ADM > 7T7 7^ / (P + aL 2 ) * =^ 

2(n - i)w n _i y M n v / yrrTvW 

_ n—2 _ ra — 4 

4(S)"" 1+ f<"- 2 »<"-<^)" - ' 

/n particular, R + a^2 > implies 

n — 2 n — 4 

1 / |£| \ ~ a / |£| \ ~ 

m A DM>Ti\ + n( n ~ 2 ){ n ~ 3) 

^ \Wn-l/ ^ VW n _l 
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Proof. In view of (j2.8|) and (j2.9j) . we apply the divergence theorem and get an extra boundary 
integral. By a long, but direct computation, one can show that this boundary term is 



1 



2(n - l)w n _i J s 



H + 2a ■ 3H 3 ] dS. 



For the proof of (I2.10p . the H part comes from the boundary term of the scalar curvature and H3 
part from the boundary term of L2 curvature. The second statement follows from the standard 
Alekasndrov-Fenchel inequality [29]. We omit the proof here. For more details, see [21] and 

m, □ 

Remark 2.7. By the work of Guan-Li [16] one can reduce the assumption of convexity of E 
to the assumption that E is of star-shape, H > 0, R > and H3 is non-negative. See also the 
related work of [7] . 



The Penrose type inequality is optimal in the following Schwarzschild-type metric (See [6] 
and |]) 



r 2 f i /, , 4dm n 1 , . ; 2 ; ^, 
n I V r n j 



(2.12) g= 1 + ^ 1-W1+ dr 2 + r'dO 



where a = 2(n — 2)(n — 3)a and d0 2 is the standard metric in S n_1 . This metric can be 
represented as a graph which satisfies all conditions in Theorem 12.61 Its horizon is the surface 
r = tq with tq being the solution of 



which yields 



o 



m - -r n ~ 2 4- - r n - 4 



r 2 / / 4am \ 

i + + — J =0, 



Moreover, we have 

Proposition 2.8. The EGB mass of the above metric is equal to m, i.e., 

n—2 n— 4 

1 / |E| \ ~ a ( |E| \ ~ 

m EGB = m ADM = m = - + -(ra - 2)(n - 3) ( 



2 \a; n _i/ 2 V w n-i 

Proof. By a reduction, the metric f)2. 12|) becomes 
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which is an asymptotically flat metric with decay order r = n — 2. Thus tyiegb{,9) = fnADuio)- 
Compared with the ordinary Schwarzschild solution 

(2m \ 1 
l -^=2) dr 2 +r 2 de 2 , 

the difference 

9-9Sch = 0(r- 2n - 2 ), 

decays enough fast and hence it does not contribute to the ADM mass. Therefore we have 

mADM(g) = m A DM(gsch) = m, 

which follows from the fact that the ADM mass of the Schwarzschild metric f)2. 13|) is exactly m. 
One can certainly compute it directly. One can check that the metric (|2.12p has R + aL2 = 0. 
In fact this metric is a black hole solution in the Einstein Gauss-Bonnet theory, see [6] and [8]. 
Thus the proof is completed from Theorem 12.61 □ 

Therefore, the Penrose inequalities in Theorem 12.61 are optimal. 

In the proof of the Penrose inequality we have used the classical Alexandrov-Fenchel inequality 
[29j . For non-convex domains, there are generalizations in |16j and [7j. 

It is an interesting problem if the rigidity results for Theorem 12.41 and for Theorem 12.61 hold. 
Moreover, we conjecture that 

Conjecture. Theorem \2.J\ and Theorem \2.6\ hold for general asymptotically flat manifolds. 



Appendix A. Computation of scalar curvature of metric (12. 12[) 
In general, we compute the scalar curvature of the general metric 

g = f(r) 2 dr 2 +r 2 d& 2 . 
Transform it into the warped product metric: 

g = dp 2 + <p 2 (p)d0 2 , 
with scalar curvature (see [2S] for example) 

(A.1) R( 9 ) = -2(n - + in - l)(n - 2)^^. 

Comparing the two metrics, one obtains f(r)dr = dp and r = tp(p) which implies 

(A-2) <p'(p) = * 

f( r ) 

and 

(A-3) <p"(p) = -^p- 



s 
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Thus by (|XH) . (|X2D . (fX3|) . we have 

R(g) = -2(n - 1) 
Especially, in our example (|2.12|) . 

f(r) = ( 1 



f(r) 1 
/ 3 (r) r 



2m 



+ (n -!)(„- 2)— 



which yields 



n-2 



2m 



r " 2 l + A /l + 4n!J; 



2m 



4dm 



„n— 1 



Therefore 



-(n-1) 



(n-2) 



2m 



2m 



n 



4am 



-,2n 



1 + Jl + ^ r (1 + a/1 + a/1 + 



+(n - l)(n - 2) 



2m 



3n(n — l)am 



Recall d = 2(n - 2)(n - 3)a, hence .R > if a > and R < if a < 0. 
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